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SELF-DUAL T-STRUCTURE 


MASAKI KASHIWARA 


Abstract. We give a self-dual t-structure on the derived category of R-constructible 
sheaves over any Noetherian regular ring by generalizing the notion of t-structure. 


Introduction 

Let A be a complex manifold and let Dc_j,(kx) be the derived category of sheaves 
of k-vector spaces on X with C-constructible cohomologies. Here k is a given base 
held. Then the t-structure (k^), (kx)) on D^_j.(kx) with middle perversity 

is self-dual with respect to the Verdier dual functor Dx = KJ^om (•, ux)- Namely, the 
Verdier dual functor exchanges (kx) and (kx). However, on a real analytic 
manifold X (of positive dimension), any perversity does not give a self-dual t-structure 
on the derived category DR_^(kx) of M-constructible sheaves on X. In this paper, we 
construct such a self-dual t-structure after generalizing the notion of t-structure. This 
generalized notion already appeared in the paper of Bridgeland on stability conditions 
([2]). (See also [4].) This construction can be also applied to the derived category 
D)?qj^(A) of hnitely generated modules over a Noetherian regular ring A. We construct 
a (generalized) t-structure on DJ?jjJj(A) which is self-dual with respect to the duality 
functor RHom^( •, A). 

Let us explain our results more precisely in the example of D^_(,(kx). Let A be a 
real analytic manifold. Recall that a sheaf F of k-vector space is called R-constructible 
if A is a locally hnite union of locally closed subanalytic subsets {Xa}a such that all 
the restrictions F\x^ are locally constant with hnite-dimensional hbers. Let Dg_(,(kx) 
be the bounded derived category of M-constructible sheaves. Let Dx = R^om (•, ojx) 
be the Verdier dual functor. For c G M, we dehne 

^/^D|'),(kx) := {a G D^(,(kx) | dimSupp(A*A) ^ 2(c — i) for any i G Z| , 

( 0 . 1 ) 

‘''2D£(kx) := {A' € Dt.,(kx) I DxA 6 V2D|y(k,f)} . 
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Then, the pair ((^/^D|f^(kx))ceK) (^'^^D|f^(kx))cGR) satishes the axiom of (generalized) 
t-strnctnre (Dehnition 1.2). In particular, (^/^D^_‘),(kx), ^'^^D^_')r^(kx)) is a t-structure 
in the ordinary sense for any c G M. Here ^/^D^_'),(kx) := u.>. y^D^(’^(kjis:). Therefore, 
for any K G D^_^(kx) and c G M, there exists a distinguished triangle K' ^ K ^ 
K" ^ in D^_,(kx) such that K' G i/2D|f^(kx) and K” G ^/2D>')^(kx). 

Note that ^/^D|_'),(kx) = for s G such that s ^ c < s + 1/2, and 

^/^D^_/,(kx) = ^'^^Dg/^(kx) for s G such that s — 1/2 < c ^ s. 

This paper is organized as follows. In Section 1, we generalize the notion of a t- 
structure. In Section 2, we recall the result of [4] on a t-structure on the derived 
category of a quasi-abelian category. In Section 3, we give the t-structure associated 
with a torsion pair on an abelian category. 

In Section 4, we give a self-dual t-structure on the derived category of coherent 
sheaves on a Noetherian regular scheme. 

In Section 5, we dehne two t-structures on the derived category of the abelian cat¬ 
egory of M-constructible sheaves of H-modules on a subanalytic space X. Here A is 
a Noetherian regular ring. One is purely topological and the other is self-dual with 
respect to the Verdier duality functor. 

In Section 6, we study the self-dual t-structure on the derived category of the abelian 
category of sheaves of H-modules on a complex manifold X with C-constructible co¬ 
homologies. The main result is its microlocal characterization (Theorem 6.2). 

Convention. In this paper, all subanalytic spaces and complex analytic spaces are 
assumed to be Hausdorff, locally compact, countable at inhnity and with hnite dimen¬ 
sion. 


1. (Generalized) T-structure 
Since the following lemma is elementary, we omit its proof. 

Lemma 1.1. Let X be a set. 

(i) Let (X^'^)ceK be a family of subsets of X such that X^'^ = c G M. 

Set X^^ := have 

(“) 

(b) V*= 

(ii) Conversely, let (X<'^)cgk be a family of subsets of X such that X^'^ = 

for any c G M. Set X’^'^ := Then we have 

(“) =ritoW*. 

(b) 

(iii) Let (X^‘^)ceR and (X<‘^)cgk be as above. Let a, 6 G M such that a < b. If X"^^ = 

X'^c ^ a < c ^ b, then 
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Let us recall the notion of t-structure (see [1]). Let T be a triangulated category. Let 
and be strictly full subcategories of T. Here, a subcategory C' of a category 
C is called strictly full if it is full, i.e. Homc/(X, Y) = Homc(X, Y) for any X,Y E C, 
and any object of C isomorphic to some object of C is an object of C. 

For n G Z, we set n] and = T^°[—n]. Let us recall that 

is a t-structure on T if it satishes: 

r (a) c and c r^°, 

I (b) Homr(X, F) = 0 for X G and Y G T^\ 

^ ' I (c) for any X E T, there exists a distinguished triangle Xq —?■ X —)■ 

[ Xi > in T such that Xq G and Xi G 
We shall generalize this notion. 


Definition 1.2. Let (T^'^) cgr o,i^d {T^^) cgr be families of strictly full subcategories of 
a triangulated category T, and set ~ U6>c'^^^' 

((T*)oer, {T'n cgK) is a (generalized) t-structure (c/. [2]) if it satisfies the following 


conditions. 


( 1 . 2 ) 


(a) = r\b<c'^^'' c e K, 

(b) and = r^"[-l] for any c G M, 

(c) we have Hom 7 -(X, F) = 0 for any c G M, X G and Y E 

(d) for any X E T and c G M, there exist distinguished triangles Xq —)■ 

X — )■ Xi > and Xq — )■ X —)■ Xj > in T such that Xq E 

Xi G r>" and X'q E X[ E 


Note that under conditions (a)-(c), the distinguished triangles in (d) are unique up 
to a unique isomorphism. 

If ((r*),a, (T^‘) cgk) is a generalized t-structure, then the pairs (T^'^, ^) and 

('y-<c, t-structures in the original sense for any c G M. Hence, fl 

and n are abelian categories. 

Assume that ((T^‘^)cgR) cgr) is a generalized t-structure. Then the inclusion 
functors —)■ T and ^ T have right adjoints 


r^'^; T —)■ and r^'^; T —)■ T^'^, respectively. 


Similarly, the inclusion functors —)■ T and —)■ T have left adjoints 

r —^ and r>"; T respectively. 


We have distinguished triangles functorially in X G T; 

r^"X ^ X ^ r>"X ^ and 
r<"X ^ X —^ ^ . 
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These four functors are called the truncation functors of the generalized t-structure 
For any a, 6 G M, we have isomorphisms of functors: 


T O T — T ^ ' 

T O T — T O T . 


, O ~ ^^max(a,6) ^ 


In the last formula, we can replace with or with r^°. For any c G M, we 
have 


(1,3) 


'J~^C _ 


G 

T| 

'-J~<c _ 


G 

T\ 

o 

A\ 


G 

T| 

q~>c _ 


G 

T\ 


Then 

^ b, we 

set 






^[a,b] _Pi 

Then is a quasi-abelian category ifa^fe<a-|-l. 

A t-structure (T^°, T^°) is regarded as a generalized t-structure by 


(1.4) 


= T^°[—n] for n G Z such that n ^ c < n + 1, 
= T^°[—n] for n G Z such that n — 1 < c ^ n. 


Hence, a t-structure is nothing but a generalized t-structure such that and 

or equivalently = 0 for any c ^ Z. 

In the sequel, we call a generalized t-structure simply a t-structure. 


Remark 1.3. In the examples we give in this paper, the t-structures also satisfy the 
following condition: 


(e) for any c G M we can hnd a and b such that a < c < b and 

(1) = r^“, = r<^ 

( 2 ) 'J~^c _ q->a 


More precisely, in the examples in this paper, we can take a = max |s G |Z 
and b = min |s G |Z | s > c}. Hence = 0 if c ^ |Z. 


s 


<c} 


2. T-structure on the derived category of a quasi-abelian category 
For more details, see [4, § 2], 
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Let C be a quasi-abelian category (see [6]). Recall that, for a morphism f: X Y 
in C, Im(/) :=Ker(F —)■ Coker(/)) and Coim(/) := Coker(Ker(/) —)■ X). Hence, we 
have a diagram 


Ker(/) 



Coker(/) . 


Let C(C) be the category of complexes in C, and D(C) the derived category of C (see 
[6]). Let us dehne various truncation functors for X G C(C): 


/A 

- >x^- 


Ker 

i 

o 

o 

j<n+l/2j^ . 

- >x^- 


Xn 

— )■ Im d^ — )■ 0 — )■ 

r^"X : 

-^ 0 

^ Cokerd”-^ 

^ X'^+^ ^ X”+2 ^ 


-^ 0 

-)■ 

Coim d\ 

^ X^+1 ^ X’^+2 ^ 


for n E Then we have morphisms functorial in X: 

T^^X —^ ^ X —^ r^*X —^ r^*X 

for s,t E such that s ^ f. We can easily check that these functors : C(C) —)■ 

C(C) send the morphisms homotopic to zero to morphisms homotopic to zero and the 
quasi-isomorphisms to quasi-isomorphisms. Hence, they induce the functors 

D(C) ^ D(C) 

and morphisms —?■ id ^ 

For s E set 

D^*(C) = {X G D(C) I r^'^X —)■ X is an isomorphism} 

D^®(C) = {X G D(C) I X —)■ r^^X is an isomorphism} . 

Then {D^^(C)}^gi 2 is an increasing sequence of strictly full subcategories of D(C), 
and {L)^^(C)}^gi 2 is a decreasing sequence of strictly full subcategories of D(C). 

The functor D(C) —?■ D'^^(C) is a right adjoint functor of the inclusion functor 
D^^(C) L)(C), and D(C) —)■ D^®(C) is a left adjoint functor of D^®(C) L)(C). 

For c G M, we set 


( 2 . 1 ) 


D^^(C) = D‘^®(C) where s G satishes s ^ c < s + 1/2, 
D^'^(C) = D^^(C) where s E satishes s — 1/2 < c ^ s. 


Then 

Proposition 2.1 ([6], see also [4]). ((D^'^(C))cgm, (D^‘^(C))cgc) is a t-structure. 









6 


MASAKI KASHIWARA 


We call it the standard t-structure on D(C). The triangulated category D(C) is 
equivalent to the derived category of the abelian category D^^(C) for every 

c e M. The full subcategory D°(C) := fl D^°(C) is equivalent to C. 

If C is an abelian category, then the standard t-structure is: 

D^"(C) = {X e D(C) I H\X) = 0 for any i > c} , 

D^"(C) = {X G D(C) I H\X) = 0 for any i < c] . 

3. T-structure associated with a torsion pair 

Let C be an abelian category. A torsion pair is a pair (T, F) of strictly full subcate¬ 
gories of C such that 

( (a) Honic(X, F) = 0 for any X G T and F G F, 

(^•^) ^ (b) for any X G C, there exists an exact sequence 0 —?■ X' ^ X —)■ 

I X" ^ 0 with X' G T and X" G F. 

Let (T, F) be a torsion pair. Then we have 

T ~ {X G C I Honic(X, F) = 0 for any F G F} , 

F ~ {F G C I Honic(X, F) = 0 for any X G T} . 

Moreover, T is stable under taking quotients and extensions, while F is stable under 
taking subobjects and extensions. 

For any integer n, we dehne 

PD^”(C) := {X G D(C) I H\X) ~ 0 for any i > n} , 
pD^"-i/2(C) := {X G D(C) I H\X) ~ 0 for any i > n and H^{X) G T} , 
pD>"-i/2(C) := {X G D(C) I H\X) ~ 0 for any i < n} , 

PD^^(C) := {X G I ~ 0 for any i < n and H^{X) G F} . 

For any c G M, we define pD^'^(C) and pD^'^(C) by (2.1). 

Since the following proposition can be easily proved, we omit the proof. 

Proposition 3.1. ((pD®^'^(C))cgk, (pD^'^(C))cgk) is a t-structure. 

We have 

T~pd-i/2(C), F~pD°(C), and C 

Moreover, D(C) is equivalent to the derived category of the abelian category 
Note that we have 

D^"(C) C PD^"(C) C ^ PD^"(C) C D^"(C). 
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4. Self-dual t-structure on the derived category of coherent sheaves 


Let X be a Noetherian regular scheme. Let Dx be the duality functor Dx ;= 


KJ^om 




^x)- Let D^qi^((^x) he the bounded derived category of ^x-modules 


with coherent cohomologies. We denote by (i^v))ceR) (L>foh('^v))cGR) the stan¬ 

dard t-structure on DJ?qJj(^x)- 

Recall that, for any coherent ^x-iHodule its codimension is dehned by 
codimf.^) := codim(Supp(^)) = inf dim^xx- 

xGSupp(.^) ’ 

Here we understand codim(0) = -|-cxo. 

We set 




x) := £ L)^oh(^v) I codim(hr*(^)) ^ 2{i — c) for any i € Z} , 




= E I codim(hr*(Dx^)) ^ 2{i + c) for any i E Zj . 


= I^E I e for any x E x] . 


Then they satisfy Dehnition 1.2 (a). Remark that we have 

We have also 

= E D)?qJj(^x) I codim(iL*(.^)) > 2{i — c) for any i E Z} , 

= e D)?Qh(^v) I codim(i7*(Dx^)) > 2{i + c) for any i G Z} . 

Lemma 4.1. Let ^ E Then ^ E 

WYiVZ’^ = 0 for any closed subset Z and i < c + codimZ/2. 

Proof. We shall use the results in [3]. Let us dehne the systems of support 

$” = {Z I codimZ ^ 2(n -|- c)} , 

= {Z \ n < c + 1 + codimZ/2} . 


Then it is enough to show that 

(4.1) ($ o T)” := U (4>* n = {Z \ codimZ ^ n} . 

Indeed, one has 

= *D« := { 3 ^ 6 DL(<yx) I Supp(ff'=(.^)) 6 4‘ for any k 6 Z} 
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and hence [3, Theorem 5.9] along with (4.1) implies that coincides with 

I H^RTzF) = 0 for any Z G 
= [F I H\RTzF) = 0 for any i < c + codimZ/2} . 

Let us show (4.1) Assume that Z G fl with i + j = n. Then we have 
2 codimZ ^ 2{i + c) + (2{j — c — 1) + l) = 2n — 1 
and hence codimZ ^ n. 

Conversely assume that codimZ ^ n. Then take an integer i such that i ^ 
codimZ/2 — c < i + 1. Then we have i > codimZ/2 — c — 1 and 

j := n — i < codimZ — (codimZ/2 — c — l) = c+ l + codimZ/2. 

Hence Z G C C (<h o 4/)^. □ 

Proposition 4.2. ((^/2 D^^'j^(^x))cgr, (^'^^D^oh(^A))cGR) is a t-structure onl)\^^{0’x)- 

Proof. It follows from [3]. Indeed, the pair coincides with 

^by the proof of the preceding proposition. □ 

Corollary 4.3. For ^ G and ^ G , we have 

RJ^om G 

Conversely we have 

= {S' e I S') e for anyc€R and 

^ G ^^^E)coh(‘^A)} for any d G M, 

= {.^ e I (.F, 9) e Id^Jtr°Wx) for onj/ c" e K and 

^ for any ce^. 

Proposition 4.4. For ^ G l)\^^{0’x), we have 

(i) G '/2 dS,(^a) and ^ G DS;(^a), then ^ G {^x), 

(ii) zf^ G DS,(^x) and We then RJFom^J^^W) G 

(hi) G and We Bfii^x), then RJif’om ,W) G 

(iv) if^e and W G then ^^^,We Bff+^'i^x). 

Proof (i) For any Jif G (^a), we have RJFom^^{^,J^) G D^oh~^(^A) by 

Corollary 4.3. Hence, W,J^) ~ RJ^om ^^(W,RJf’om, Jif)) 

belongs to i^x)- Since it holds for an arbitrary G i^x), we con¬ 

clude ^k^,We ^/^Bff^^'i^x) by (1.3). 
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(ii) Since ^^\ffx) by (i), and hence 'RJ^om ~ Dx{^® 
Dx^) belongs to 


(iii) Since RJ^om ~ (Dx^) <S)ffx (bi) follows from (i). 

(iv) follows from Corollary 4.3 and ^ ~ RJ^om^^{Dx<^,^)- □ 

Let A be a Noetherian regular ring and X = Spec(A). We write D)?oh(^)) 
and for Dj?„h(^A), ^/^DSh(^A) and respectively. 

Remark 4.5. (i) A similar construction is possible for a complex manifold X and 

coherent ^x-modules. 

(ii) For any c G M, we have 

DSK^.v) C ‘/"D* C and 

DSo+aimX/2(^^) ^ c Di.Kd^x). 


(iii) If is a Cohen-Macaulay -module with codim(^) = r, then we have ^ G 

(iv) Assume that A is a Noetherian regular integral domain of dimension 1, and K 
the fraction held of A. Let C = Modcoh(A). We take as T C C the subcategory of 
torsion A-modules, and as F the subcategory of torsion free A-modules. Then the 
t-structure ((PD*^'^(C))ceR, ('’D^'^(^^))ceM) associated with the torsion pair (T, F) 
(see § 3) coincides with the t-structure ((^/^D^q'j^(A))cge, (^/^D^q‘j^(A)))cgr) • Hence 
we have 


(4.2) 


‘/“D®(dl) = DgJ(/l), 

i/2d»-i/ 2(^) Dj”(dl) \KtSAXe D®-‘(A-)} , 

= {a: G D^^;;^(A) I m{X) is torsion free} . 


for any n G Z. 

Let X be the quasi-abelian category of hnitely generated torsion free A-modules. 
Then D'"(J') ~ and the t-structure ((H2 d^^^j^(A))cgr, (^'^^D^^‘j^(A))cgR) 

coincides with the standard t-structure of D'’(J^). 
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5. Self-dual t-structure: real case 


(5.1) 


5.1. Topological perversity. Let X be a subanalytic space (cf. [5, Exercise 1X.2]). 
A subanalytic space is called smooth if it is is locally isomorphic to a real analytic 
manifold as a subanalytic space. 

A subanalytic stratihcation X = of X is a locally hnite family of locally 

closed smooth subanalytic subsets {Xa}aei (called strata) such that the closure Xq, is 
a union of strata for any a. A subanalytic stratihcation X = is called good if 

it satishes the following condition: 

for any K G such that K\x^ has locally constant cohomologies 

for all a, (Rrx„X)|x„ has locally constant cohomologies for all a. 

Let X = 1 _|q,£jA'q, and X = be two stratihcations. We say that X = 

is hner than X = if any X^ is contained in some X^. The following 

fact guarantees that there exist enough good stratihcations: 

, . For any locally hnite family {Zj}j of locally closed subsets, there exists 

^ ^ a good stratihcation such that any Zj is a union of strata. 

A regular subanalytic hltration of X is an increasing sequence 

0 = X _1 C ■ ■ ■ C Xjv = X 

o 

of closed subanalytic subsets X^ of X such that Xk\=Xk\Xk_i is smooth of dimension 

O 

k. We say that it is a good hltration if {X^.} satishes (5.1). Note that any subanalytic 
stratihcation X = U^gjATa gives a regular subanalytic hltration dehned by X^ := 

u W. 

diva XoL^k 

Let A be a Noetherian regular ring. Let us denote by Mod]R_c(^x) the category 
of M-constructible Ax-modules, and by D^_(,(Ax) the bounded derived category of M- 
constructible Ax-modules. We denote by ((D^_'),(Ax))cgM) (D^)c(^A))ceK) fhe standard 
t-structure of D^_p(Ax), that is 

D|fc(^x) = {Ke D^.,(Ax) I H\K) = 0 for any * > c} , 

D|-c(^x) = {Ke D^.,(Ax) I H\K) = 0 for any z < c} . 

We dehne 

'D|_‘(,("4a) = {X G Dk_c(Ax) I dimSupp(iL*(X)) ^ -2(f-c) for any i}. 


(5.3) 


lKsD|f,(Ax) = {X G D^_,(Ax) I H ^ RTziK ) = 0 for any closed 


subanalytic subset Z and i < c—dimZ/2}. 


Then we have 
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Proposition 5.1. The pair ((^s D|?(,(Ax))ceR, (ks Difc("4j\:))cGR) is a t-structure on 

DL(^x). 

Proof. Indeed, (^g ^r-c^^(^a),K s^ r-^c(^a)) coincides with the t-structure associated 
with the perversity p{n) = \c — n/2\ (see e.g. [5, Dehnition 10.2.1]). □ 

Lemma 5.2 ([5, Proposition 10.2.4]). Let K G Dg_p(y4x) and let X = a 

subanalytic stratification of X such that {DxK)\x^ has locally constant cohomologies 
for any a. Then K e ksDr?c("4x) if and only if (Rrx^iP),^ e for any 

a and x G X^- 

5.2. Self-dual t-structure : R-constructible case. As in the preceding subsection, 
A is a subanalytic space and A is a Noetherian regular ring. Let be the duality 
functor 

Dx{K) = RM^om^{K,ux) for A G DL(41 x), 

where ojx = ax Apt with the canonical projection ax'- X ^ pt. 

For F G ModR_c(Ax), we set 

(5.4) niod-dim(F) = sup^j,Q ^dim {x G A | codini(F 3 .) = m} — , 

where codim(Fj,) denotes the codimension of Supp(F 2 ;) C Spec(A). Hence if A = 
[J^Aq is a subanalytic stratihcation with connected strata and F\x^ is locally constant 
for any a, then we have 

mod-dim(F) = sup {dim A^ — codim(F 3 ;^) | F\xa ^ 0 }, 

where Xa is a point of A^. We understand mod-dim 0 = —oo. 

We set 

(/lx) ^ {K e Dk.c(.4x) I mod-dim(/t*(A")) ^ -2(1 - c) for any i} , 

(5.5) 

= {K e Dt.„(/lx) I DxA e ■/2 d|-“(/1x)} . 

Note that, when A is a held, they coincide with j(g D]^_{,(Ax) and j(g Dj^_{,(Ax). 

Lemma 5.3. Let K G D^_^(Ax) and c G M. Let X = |_|„Aq be a subanalytic stratifi¬ 
cation such that K\xa has locally constant cohomologies. Then the following conditions 
are equivalent; 

(a) K € '/"D* (/lx). 

(b) dim |x G A I A 3 . ^ < k for any k eZ, 

(c) A 3 ; G q; j. g X^. 
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Proof, (a)-v^(c) It is obvious that K E if and only if 

dimXa — codim Supp(if*(J’i') 3 ;) ^ —2(i — c) for any a, x E Xa and i Eh. 

The last condition is equivalent to 

codim Supp(-ff*(it'a;)) ^ 2(z — c + dimXa/2), 

or equivalently E 

(b)-v^(c) (b) is equivalent to the condition: 

for any x E Xa, Kx ^ implies dimXa < k, 

which is equivalent to the condition; 

for any x E Xa, diniXo ^ k implies Kx E 

It is obviously equivalent to (c). □ 

Lemma 5.4. Let K E D^_^(y4x) and c G M. Let X = |_|„^o be a subanalytic strat¬ 
ification such that {DxK)\xa has locally constant cohomologies. Then the following 
conditions are equivalent: 

(a) K 6 ‘-'^D£(/1x), 

(b) for any c' G M and M E we have 

Rjeorn JMx,K) 6 t'sCiriVv). 

(c) YlVz{K)x E {A) for any closed subanalytic set Z and x E Z , 

(d) [RTx^K)^ E a andxE Xa, 

(e) dim [xGX\ (Rr,,,A')^ g < k for any k E Z^q. 

Proof. Let ia '■ Xa —)■ X be the inclusion. 

(a)<t^(d) By (a)y^(c) in the preceding lemma, condition (a) is equivalent to the condi¬ 
tion: 

{DxK)x E fQj, Q, ^ g Xa. 

On the other hand, we have ia^DxK ~ Hence i'aK has locally constant 

cohomologies. Since 

{DxK)x ~ [^xPaK). ^ RHom^((*-iL),,H)[dimX„], 
the above condition is equivalent to 

which is again equivalent to {iaK)x E 
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(a) <^=^(e) (a) is equivalent to ^xK G By the preceding lemma, it is 

equivalent to the condition: dimja: G X \ {DxK)^ ^ < k for any 

k G Since (Dx-h')x - , the condition (Dx-R)x ^ is 

equivalent to ^ 

(d)<t^(b) Condition (d) is equivalent to 

(5 g) RHom (M, (Rr^.X) J e (A) for any M 6 

a and x G Xa- 

Since RHom (M, (Rrx^J’r)^.) ~ (Rrx„Rr^om^(Mx,-R))^, the last condition (5.6) is 
equivalent to (b) by Lemma 5.2. 

(c)=^(d) is obvious. 

(b) ^(c) For any c' G M and M G we have (RTzRJ^omj^{Mx, K))^ G 

Since RHom^(M, (RF^R)^) ~ (RFzR^om^(Mx, R)) , we have 

(c) 

□ 

We shall prove the following theorem in several steps. 

Theorem 5.5. ((V2D|f^(Hx))cm, (i/2D|(=^(Hx))ceR) ^s a t-structure on Dr_p(Hx)- 

It is obvious that it satishes conditions (a) and (b) in Dehnition 1.2. Let us show 

(c). 

Lemma 5.6. For c G M and K G CL^d L G ^/‘^'D^_^{Ax), we have 

RM’omiK.L) eJ^li-^{Ax). 

Proof. Let us take a good regular subanalytic hltration of X 

0 = X _1 c ■ • • c Rjv = R 

o 

such that R and L have locally constant cohomologies on each Xk\= X^ \ R^-i. We 

O 

may assume that X^ is smooth of dimension k. 

O 

Let ik'. Xk ^ X he the inclusion. 

Let us hrst show that 

(5.7) 4 R=^om (R, L) ~ R^om {ik^K, il L) belongs to D^_'),“'^(Ho ). 

Afc 

Since L have locally constant cohomologies, 

(z- RJf’om (R, L))^ ^ RHom^((*^'R)„ (zl L),) 
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for any x G Hence it is enough to show that 
(5.8) RHomy(i^'A')„(!;L),) 

It follows from Corollary 4.3 and G and {il L)^ G 

Now we shall show that 

Rrx,R^om(X,L) G 

by induction on k. By the induction hypothesis Krx^_^^J^om{K, L) G 
We have the distinguished triangle 

Rrx,_iR^om (X, L) —^ RBx.R^om {K, L) —^ RB o R^om (X, L) ^4 
Since RF o R^om(X, L) ~ R4 R^om (X, L) belongs to we obtain 

Xk 

RTx.RJ^om {K, L) G R^'-\Ax). □ 

Now we shall show Dehnition 1.2 (d) in a special case. 

Lemma 5.7. Let us assume that X is a smooth subanalytic space, and c G M. Let 
K G D^_(,(Hx) and assume that K has locally constant cohomologies. Then there 
exists a distinguished triangle 

K' ^ K” ^ 

with K' G and K" G Moreover K' and K" have locally 

constant cohomologies. 

Proof. Let us show it in three steps. 

(i) There exists locally such a distinguished triangle. 

Indeed, for any x E X, there exist an open neighborhood U oi x and M G 
such that iF|[/ ~ Mu. Take a distinguished triangle M' —)■ M —)■ M" > such that 

M' G and M" G {A). Then Mf ^ Mu ^ M" ^ 

gives a desired distinguished triangle. 

(ii) If Ui is an open subset of X and K'- — K\ui —> K'f > is a distinguished 

triangle with K[ G and K'f G [i = 1,2), then there exists a 

distinguished triangle K' —> K\u.,\jU 2 —)■ K” > with K' G ^^cl 

K" G 

Indeed, by the uniqueness of such a distinguished triangle, we have iFJIf/^nc /2 — 
^ 2 \uir\U 2 - Denote it by Kq G Let i^-. f/i nf /2 ^ f/i Uf /2 and 4: —)■ Ri U 

Lf 2 {k = 1, 2) be the open inclusions. Then embed a morphism ioiXo —?■ ii\K[ 041 X 2 
into a distinguished triangle 

4!Rq 4 jXj 0*2 !X 2 —)■ K’ -)■ . 
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Then K'\u^. — Since the composition ioi-^o —t ii\K[^i 2 \K 2 —)■ it'|[/juf /2 vanishes, 
the morphism ii\K[^i 2 \K 2 —)■ factors through K'. Hence, there exists a 

morphism —)■ which extends K'^ —)■ K\ui (* = 1,2). Then, embedding this 

morphism into a distinguished triangle K' — > K\uj^uu 2 — > K” > , we obtain the 
desired distinguished triangle. 

(hi) By (i) and (ii), there exist an increasing sequence of open subsets {Un}n&^o 
with X = and a distinguished triangle Kn —)■ K\u^ —)■ K'^ > with 

K’^ G and K’^ G Let in'- Un ^ X he the inclusion. By the 

uniqueness of such distinguished triangles, we have — K'^. Hence, we have 

f3n'- in\K'^ in+i\K'^j^-^^. Let K' be the hocolim of the inductive system {in\K'^}n&'L^Q, 
that is, the third term of a distinguished triangle 

® i„lK ^ ® in'.K ^K'^. 

Here / is given such that the following diagram commutes for any a G Z‘^o- 


^K' 


id. 


ia ! K'^ ' 


(-da) 


© ia+1 ! .^a+1 


0 *71! ^ 0 '^ri ! . 

tiGZ^O 

Then K'\u^ ~ K'^. Since the composition 

0 '^n]Kn ^ 0 *7i!-^n ^ 

nSZ^O tiGZ^o 

vanishes, the morphism 0 in\K’^ —> K factors through K'. Hence there is a 

’T'GZ^O 

morphism K' ^ K which extends in\K'^ —)■ K. Hence, embedding this morphism into 
a distinguished triangle 

K' ^ K" 

we obtain the desired distinguished triangle. □ 

Finally we shall complete the proof of Definition 1.2 (d). 

Lemma 5.8. Let K G D^_^(i4x) and c G M. Then there exists a distinguished triangle 

K' ^ K” ^ 

with K’ G and K" G V2D>f^(Hx). 
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Proof. Let us take a good regular subanalytic filtration of X 

0 = X_1 C ■ • • C = X 


such that K has locally constant cohomologies on each X^ := X^ \ Xk-i- We may 

O 

assume that X^ is a smooth subanalytic space of dimension k. We shall prove that 
"there exists a distinguished triangle 


(5.2.9); 


K' 




K'‘ 


+1 


with K G and K” G Moreover, K'\ o and 

Xi 


K''\ o have locally constant cohomologies for j > k. 

X A 


by the descending induction on k. 

Assuming (5.2.9)^, we shall show (5.2.9)fc_i. Let K' —Y K\x\Xu —> K" > be a 
distinguished triangle as in (5.2.9)^. Let j : X\Xk —)■ X\Xfc_i be the open embedding 

O 

and i \ Xk —)■ X \ Xk-i the closed embedding. The morphism K' K\x\Xi, induces 
j\K' —)■ X|x\Xfc_i- We embed it into a distinguished triangle in DK_(,(Ax\Xfc_i) 


3\X —)■ K\x\Xk-i L > . 

By Lemma 5.7, there exists a distinguished triangle 

(5.10) L' — Yi-L — yL"^^ 

with L' G ) and L" G ). We embed the composition i\L' ^ 

Afe Xk 

i\i' L —Y L into a distinguished triangle 

(5.11) 

Finally we embed the composition K\x\Xk-i L ^ K" into a distinguished triangle 


K' K\x\Xk-i ■ 

Let us show that 

K' 6 and K" 6 

By the construction, we have K''\x\Xk — L\x\Xk — K" and K'\x\Xk — K'. Hence it 
is enough to show that i~^K' G ) and i' K” G ^/^Dr_'),(Ao ). Applying the 

Afc Xk 

functor i to (5.11), we obtain a distinguished triangle 


By the distinguished triangle (5.10), we have i' K" ~ L" G ° )• 
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By the octahedral axiom for triangulated category, we have a diagram 


K' 



and a distinguished triangle 

j,K' — >K' —^ i,L' . 

It implies i~^K' ^ L' e ). □ 

This completes the proof of Theorem 5.5. 

Recall the full subcategory of Dk_c(^x): 

‘'"dKI(Ax) := n 

for a ^ b. 

Proposition 5.9. Assume that a, 6 G M satisfy a ^ b < a + 1. Then X D U i —> 
is a stack on X . 

Proof (i) Let K,Le Since R^om^(iL,L) G 

the presheaf U i-A Homi/jQL.b]/. AK\u^L\u) ~ T {U ] H'^ fRM’om ^ L))') is a sheaf. 
Hence, U i—)■ is a separated prestack on X. 

(ii) Let us show the following statement: 

Let Ui and U 2 be open subsets of X such that X = UiAU 2 -, and Kk G 

[k = 1,2). Assume that A"i|c 7 inU 2 — -^ 2 |uin; 72 - Then there exists K G 
such that K\u^ ^ Kk {k = 1 , 2). 

Set Uo = U,n U2 and Kq = Kfu^nu, ^ K2\u,nu, e Let ^ X 

be the open inclusion {k = 0 , 1, 2). Then we have f3k : jo\{Ko) jk\Kk {k = 1, 2). We 
embed the morphism (/Si,/92): jo\{Ko) ji\Ki ^j 2 iK 2 into a distinguished triangle 

jofKo) —> jiiKi^j2J<2 —^ K . 

Then K satisfies the desired condition. 
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(iii) Let us show the following statement: 

Let {f/n}nez>o be an increasing sequence of open subsets of X such that X = 
Let Kn e (n g Z^o) and iLn+i|i/„ ^ K^. Then there 

exists K G such that ~ Kn {n G Z^o)- 

The proof is similar to proof of Lemma 5.7. Let jn '■ Un ^ Xhe the open inclusion, and 
let jn\Kn —)■ in+i\Kn+i be the morphism induced by the isomorphism ~ Kn. 

Let iL be a hocolim of the inductive system {jn\Kn}n&i^Q- Then K G 
satisfies the desired condition. 

(iv) By (i)-(iii), we conclude that U i—)■ is a stack on X. □ 

Proposition 5.10. Let f: X ^ Y be a morphism of subanalytic spaces, and d G Z^o- 
Assume that dim f~^{y) ^ d for any y eY. Then 

(i) IfG 6 (/ly). then /-'G € 

(ii) //G e ‘/"Dl'JAy), then f'Ge 

(iii) //F e and R/.F e D^.,(>ly), then R/.F e 

(iv) ;/F 6 ‘/"Dg,(/lv) and R/.F e D^.,(/ly). then R/F 6 ''"D*y/"(/lv). 

Proof, (i) Assume G G Then 

dim {x e X I (/-‘G), ^ 

= dim/-> ({a e r I G, ^ ■'"D*y''“''^(xl)}) 

< dim {j, 6 r I G„ ^ ■'"D*y''"-'=''"(/l)} + d 

< (k — d) + d = k. 

(ii) follows from (i) by the duality. 

(iii) For any G G [Ay) , then 

HomDb_^(^^)(G,R/*F) ~ HomDb_^(^^)(/-iG, F) 

vanishes because f~^G G by (i). Hence R/*F G {Ay) by (1.3). 

Similarly, (iv) follows from (ii). □ 

We shall give relations between the two t-structures: 

((KsI^£("4A))ceK, (ksDr-'c("La))cgk) and ((L2 d|(),(Ax))cgR, (^'^^L)|_'),(Ax))ceK) • 

Lemma 5.11. Let K G Dg_^(Ax) o,nd c G M. 

(i) The following conditions are equivalent: 

(a) K 6 (xl;f). 
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(b) for any c' G M and M G we have 

RJ^om^{K,M®ujx) 

(ii) The following conditions are equivalent: 

(a) K e 

(b) for any c' G M and M G we have 

Rjei>rn^{Mx,K) e ‘K'|Dir'(Av). 

Proof, (ii) is already proved in Lemma 5.4. (i) follows from (ii) because 
RJ^om^(/L, M ® ujx) — KJ^om^(^{Dx{M ^ oJx), ^xK) 

c^Rjrom^{{DAM)x,DxK), 

where D 4 M := RHom^(M, A). □ 


Lemma 5.12. Let X and Y be subanalytic spaces. Let K G ^/‘^Y)^_^{Ax) and L G 
^/^rH{Ay). Then we have LT I L G KsD|(^+"'(Axxy). 

Proof. Let X = |_|^^a and Y = be good subanalytic stratification such that 

K\x^ and L|y^ are locally constant. Then we have (Rrx^JL)^. G 

and (Rry^L)y G for x G X^ and y G Yy. Hence by Proposition 4.4 

(iv), we have 


(Rrx.xy,(A' Bl ~ (Rr.Y.A-). ® (RU^L), € D't* 


^c+c^—dim(XcK xy^)/2 


(H). 


Hence we obtain iP K1 L G yg (Axxy) 


□ 


Remark 5.13. We have 


KS Dk(c(^a) C ^'^^D]^(),(Hx), 
{Ax ) C j/g {Ax ). 


6. Self-dual t-structure: complex analytic variety case 

6.1. Middle perversity in the complex case. Let X be a complex analytic space. 
We denote by dime X the dimension of X. Hence we have dime X = (dimX]R)/2 where 
X]R is the underlying subanalytic space. For a complex submanifold H of a complex 
manifold X, we denote by codime Y the codimension of Y as complex manifolds. We 
sometimes write dx for dimeX. 

Let De_c(^x) be the bounded derived category of the abelian category of sheaves 
of H-modules with C-constructible cohomologies. Then it is a full subcategory of 
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D^_c(^a) and it is easy to see that the self-dual t-structure on D^_^(y4x) induces a 
self-dual t-structures on D^_^(y4x). More precisely, if we dehne 

:= Dt,(/lx) n and 

:= D^Ax) n •''^Dil(Ax), 

then (('''^DgJAx))cec> ('''^Dc-‘c('^tt))c6c) is a t-structure on D5;.J-4 x). 

Similarly, the t-structure ((J^g D|_'c("4x))ceC, (KsDK-‘c("4A))cec) induces the t-structure 
((KsI^C-'c("4A))ceC, (KsDc-'c("4x))cec) ou Dc_c(^x)- 

Note that the t-structure (ksE)c°c(^^)’ks^c°c(^a)) in the original sense is denoted 
by (PDf,(X),^D^°(X)) in [5, §10.3], ^ 

In [5, §10.3], various properties of (ksDc°c(^a),ks^c°c(^a)) are studied. By using 
Lemma 5.11, we have similar properties for ((^/^D^_'^^(r4x))cGC, C'^^D^^^(Ax))cec) as we 
explain in the next subsection. 

6.2. Microlocal characterization. Let us assume that X is a complex manifold. Let 
K G ^(y4x). Then its microsupport SS(-X) is a Lagrangian complex analytic subset 
of the cotangent bundle T*X (see [5]). 

A point p of SS(.A) is called good if SS(.A) is equal to the conormal bundle TyX 
on a neighborhood of p for some locally closed complex submanifold Y of X. The 
complement of the set of good points of SS(.A) is a nowhere dense closed complex 
analytic subset of SS(-A). For such a good point p of SS(-A), there exists L G D]]’qJj(A) 
such that K is micro-locally isomorphic to Ly[—codime X] on a neighborhood of p. 
We call L the type of K at p. (Note that L is called the type of .A at p with shift 0 in 
[5, §10.3].) 

The type can be calculated by the vanishing cycle functor. If we take a holomorphic 
function such that /|y = 0 and df{xo) = p, then we have — -L[—codimeX]. 

Here, Xq G X is the image of p by the projection T*X —)■ X, and <p/ is the vanishing 
cycle functor from De_c(Ax) to De_c(A/--i(o)). Note that we have an isomorphism 

(pf{K) ~ Rr{3,|Re(/(,,,))5=0}(A')|/-l(0). 

The following theorem is proved in [5, §10.3]. 

Theorem 6.1 ([5, Theorem 10.3.2]). Let K G De_c(Ax). Then the following conditions 
are equivalent. 

(a) K e (reap, K € 'lloHiAx)), 

(b) the type of K at any good point of SS{K) belongs to '^^(A) [resp. belongs to 

YtYW). 

As a corollary of this theorem, we can derive the following microlocal characterization 
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Theorem 6.2. Let K G Dj^_^(y4x). Then the following conditions are equivalent. 

(a) K e (resp. K e 

(b) the type of K at any good point of SS{K) belongs to {resp. belongs 

to 

Proof. Let us assume that K G Then for any M G we have 

R^om^(Mx, K) G ks {^x)- Let L be the type of iL at a good point p of SS(JL). 
Then, RJ^om^{Mx, K) has type RHom^(M, L) at p. Hence, the preceding theorem 
implies RHom^(M,L) G Since this holds for any M G we 

conclude L G {A). The converse can be proved similarly. 

The case of can be derived from the case of by duality. 

Condition K G is equivalent to Bx{K) G Let L be the 

type of iL at a good point p of SS(iC). Then, Bx{K) has type D^(L)[2(ix] at P- 
Then it is enough to notice that DA{L)[2dx\ G jf jf ^ 

□ 

The following proposition can be proved similarly. 

Proposition 6.3. Let Y be a closed complex submanifold of a complex manifold X. 
Then we have 

(i) The functor uy : Dc_c(Hx) -)■ Dc_c(^Tyx) sends to 

and^/^D^^JAx) to ^/^D^^JAt^x) , 

(ii) The microlocalization functor fly ■ L)c_c(^a) —^ L)^_c(^t*x) sends to 

i/ 2 i 3 ^c+codimey(yi^^^) andy^Bl^_^{Ax) to {Ay^x)■ 

Proof. Since the proof is similar, we show only (ii). Let K G ^^'^B^^{Ax). Then, for any 
M G yjq Pave RJYom ^{Mx, K) G ks^c-T'^ (r^x)- Hence [5, Prop. 10.3.19] 

implies that p.Y{^^omj^{Mx, K)) G ks Since we have 

RjYom j^{Mt*x, PyK) ~ py (R^om^(M, iP)), 

we obtain pyiC G 

Assume now that K G Then we have BxK G ^/‘^B^fff{Ax)- Since [5, 

Prop. 8.4.13] implies Bt^x{pyK) ~ (pyDviL)“[2 codime R], we obtain 

^t^x{pyK) G ^/^B'tr^’^--^{AT.x). 

Hence pyK G □ 

The following theorem is proved in [5, §10.3]. 

Theorem 6.4 ([5, Corollary 10.3.20]). Let IL G ksL)c-c(^a) and L G ^^B^_^{Ax). 
Then phom{K, L) G {At*x)■ 
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As its corollary we obtain the following result. 

Theorem 6.5. Let K G and L G D^_j,(Ax). 

(i) If K G and L G , then we have 

^vhom{K,L) 

(ii) If K ^ ks^c^c(^a) and L G then we have 

iahom{K,L) G {At*x)- 

Proof, (i) By Lemma 5.12, we have LKIDxA' G Let Ax be the diagonal 

set of A X A. Then we have iahom{K,L) = D^A) G {Ax) by 

[5, Proposition 10.3.19]. 

(ii) For any M G (A), we have RM’om{Mx, L) G ks^c-'c”'^ (^a)- Hence 

RJifom {Mt*X, phom{K, L)) ~ fj,hom{K,'RJ^om{Mx, L)) 

belongs to ks^c-'c”'^ {At*x) by Theorem 6.4. Hence we conclude iihom{K,L) G 
{At*x) by Lemma 5.11. 

□ 

Example 6.6. Assume that 2 acts injectively on A. Let M be a hnitely generated 
projective A-module. Let A = and S = {{x,y, z) & X \ = 0}. Let 

j: X \ {0} —)■ A be the inclusion. Since S \ {0} is homeomorphic to the product of M 
and the 3-dimensional real projective space P^(M), we have 

{Rj,r\Ms))^ ^ Rr(^\ {0};Ms) ^ M0(M/2M)[-2] 0M[-3], 

and Rr{o}(M 5 )o — (M/2M)[—3] 0M[—4]. Hence we have 

Ms e ^'WlJAx), 

and a distinguished triangle 

Mo[-l] ^ Rja-\Ms) ^Ms^. 

Hence we obtain 

RJ!J-'(M5) G (Ax), 

^/^T^^Rja-\Ms)-Ms, 

RV<2Rj,j-1(M5)~Mo[-1] G R2d^_^(Ax). 

Here denotes the truncation functor of the t-structure ^/^Dc_(,(Ax). 

By the duality, we have 


Rj.r\Ms) G R2Dg_f (Ax), 
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i/V>2rj;j-1(M5)~Mo[- 3] e ^/^Dl^{Ax). 

Hence we obtain a distinguished triangle 

^ Rj.r\Ms) ^ Mo[-3] ^ . 

The canonical morphism Rj\j~^{Ms) —)■ Rj^,j~^{Ms) decomposes as 

Rjij-^{Ms) -^ RjJ-^{Ms) 

Ms -- 

and the bottom arrow is embedded into a distinguished triangle 

Ms ^ ^ (M/2M){o}[-2] ^ . 

Note that (M/2M){o}[-2] G Hence Ms ^ ^/^T^^R],r^{Ms) is a 

monomorphism and an epimorphism in the quasi-abelian category More¬ 

over, we have an exact sequence 

0 ^ Ms ^ ^ (M/2M)|o}[-2] ^ 0 

in the abelian category and an exact sequence 

0 ^ (M/2M)[-3]|o} ^ Ms ^ ^/^T^^Rj,r\Ms) ^ 0 

in the abelian category (Hx). Note that we have an isomorphism of distin¬ 

guished triangles 

(p,(Ms)- ^^^{^/‘^t^^R3.3-\Ms)) --(^4(M/2M){o}[-2]) — 

M{o}[-2]-^-- M{o}[-2]-- (M/2M){o}[-2] 

Here ipx is the vanishing cycle functor. 
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